T1.

T2.

T3.

T4.

T5.

T6.

T7.

T8.

T9.

T10.

T11.

T12.

T13.

Trigonometry

Trigonometric Functions

sin?z + cos’z =1
tan’z 4+ 1 = sec’ z
cot?x +1=csc’z
sin(z + y) = sinx cosy =+ cosz siny
cos(x £ y) = cosz cosy Fsinz siny
tan(z £ y) = %
sin(2z) = 2sinz cosz
cos(2z) = cos® & — sin’ x
sin? z = 1/5(1 — cos(2z))
cos? = 1/5(1 + cos(2z))
sinz siny = 1/(cos(z — y) — cos(z + y))

cosz cosy = 1/ao(cos(z — y) + cos(z +y))

sinz cosy = L/a(sin(z — y) + sin(z + y))



T14. ¢1 cos(wt) + ea sin(wt) = /2 + ¢3 sin(wt + @),

where ¢ = 2 arctan

‘1
c2 + /3 + ¢

Hyperbolic Functions

T15. coshz = eire”

2
T16. sinhe = & ¢

2
T17. cosh’z —sinh’z =1
T18. tanh® z + sech® z = 1
T19. coth® z —csch®z =1
T20. sinh(z + y) = sinh z coshy + coshz sinhy
T21. cosh(z + y) = coshz coshy % sinh z sinhy
) = ke
T23. sinh(2z) = 2sinh z cosh z
T24. cosh(2z) = cosh® z + sinh® z
T25. sinhz sinhy = 1/ (cosh(z + y) — cosh(z — y))
T26. coshz coshy = 1/2(cosh(z + y) + cosh(z — y))



T27.

P1.

P2.

P3.

P4.

P5.

P6.

P7.

P8.

P9.

P10.

sinhz coshy = 1/(sinh(z + y) + sinh(z — y))

Power Series

o0 2 3
— 5’7_ 1 ;c_ :z:_+
St 2n+1 3 5
z oz
S ) _
sz ;( Venr Tt T E T
o0 2n 2 4
- 1t _x_ ro_
cosx = T;)( 1) ol 1 + 1

t A NS (S
anxTr =T 3 15.’13' 315.7]

1
1—=Zx":1+x+x2+m3+---,
N n=0
e x2n+1 3 5
.h = _— N
T 2 nr ) m+3 +5|+
X 20 2zt
COSh$=§W=1+§+E+...’
ta.nh:c—;c—w—3+35_£ T4

3 15 315

(@) £l

Taylor Series with remainder:

N ¢(n)
1@ =30 o+ Ry,
n=0 )
(N+1)
Ryii(z) = 7f(N n l(f') (z —a)Nt!

= f@+f @ -0+ 2@ - +

—0< T <X

e, —oo <z <00

e, T < <00

3

7r< <
lcep<
2
-1<z<1
—00 < x <00

—0o<r<oo

T <z < E

2 2
/"(@)
T(x _ a)3 + .-
where

for some £ between a and z



Table of Integrals

A constant of integration should be added to each formula. The letters
a, b, m, and n denote constants; » and v denote functions of an independent
variable such as z.

Standard Integrals

un—i—l
. "du = -1
I1 /u u Y n #
d
12. /_u =In|u|
u
13. /e“ du = e"
au
4. /a“du:—, a>0
Ina
I5. /cosudu =sinu
16. /sinudu = —cosu
I7. /sec2 udu = tanu
18. /csc2 udu = —cotu
I9. /secutanudu = secu
110. /cscucotudu = —cscu
I11. /tanudu = —In|cosu|

4



T12.

I13.

I14.

I15.

I16.

I17.

I18.

119.

120.

I21.

122.

123.

124.

125.

/u2\/au +bdu =

/cotudu = In | sin u]
/secudu =In|secu + tan u|

/cscudu =In|cscu — cotu|

du 1 u
V35 = arctan (—)

a4+ u a a
/ du arcsi (u)

——— = arcsin | —

Va2 —u? a

/udv:uv—/vdu

Integrals involving au + b

(au + b)"+!

(n+1a ’ n# -1

/(au +b)"du =

du _1
au+b  a

/udu —E—£1n|au+b|
au+b a a2

In|au + b

/ ude b +lln|au+b|
(au+b)?2  a2(au+bd) a2

/7du = 1ln
u(au+b) b

2 -2
/U\/au+bdu = %(au+b)3/2

u
au+b

udu 2(au — 2b) Jau T

Vau+b T 3
2 .
0503 (8b% — 12abu + 15a*u?) (au + b)*/?



126.

127.

I28.

129.

130.

131.

132.

133.

134.

135.

136.

137.

w? du 2

_ 2y 2 2 b
NIRRT (8b abu + 3a*u?®) Vau +

Integrals involving u? + a?

du _inu—a
w?2—a2 2 |u+ta

d
/ﬁ:%lﬂu?ia“’l
u? du Cut Ymle=e
u? — a2 2 luta

w? du U
0 = u — aarctan <—)
u® +a a

w2
u? £ a2

du 1
—— =+—1
/u(u2 +a?) 22
Integrals involving vu? + a2

d
T = Ve Ed

/u\/u2 +a?du = % (u2 :|:612)3/2

du
% )2 2
/ o _ln‘u+ u? ta |

2 2
u® du u a
—_— = — u2:|:a2:F—ln‘u+\/u2:l:a2‘
vuita?2 2 2

/ du 11 U
= g
uwuz+a?2 o |a+Vu?+a?

/diu = larcsec (E)
wul—aZ a a

6



du __Vurta?
N * a’u

2
139. /\/u2ﬂ:a2du:g\/uQiaQi%ln|u+\/u2ia2‘

138.

2 4
140. /uQ\/u2:l:a2du= % (u2ia2)3/2¢%\/u2 ia2—%ln‘u+ \/u2:|:a2‘

2 2 N 2
141. /udu:,/u2+a2_alnm
u u

N/ )
142. /%du: vu2 —a? — aarcsec (%)

VIt a2 VEE R
143. /%duz—% +1n‘u+\/u2ia2‘

Integrals involving va? — u?

2
144. /\/ a2 —u2du= YVa = u? + % arcsin (g)

5 a
udu
_uaw a2
145. T —w = a u
1 .
146. /u\/az—u2du:—§((Jz—uz)3/2
Y m— Y —)
147. /uduz a?—u?2—aln atva —u
u u
du 1 a+ Va2 —u?
148. _ = —-In|————
uva? — u? a U
. 2 4
149. /u2\/a2—u2du=—g(az—u2)3/2+w a2—u2+a—arcsin (E)
4 8 8 a
Va2 —u? va? —u? Lou
150. — du = ——— — arcsin <—)
u U a



I51.

I52.

I53.

I54.

I55.

I56.

I57.

I58.

159.

160.

I61.

162.

163.

164.

2

w?du U 5 5, 0 (U
= a® — u® + — arcsin | —
2 a

Vaz—uz 2
/ du _ Va?—u?
wva? —uZ a2y

Integrals involving trigonometric functions

. _ u _sin(2au)

/ sin®(au) du = 5" 4a

9 _ u | sin(2au)

/cos (au) du = 2 + P

3
/sm % ( cos?’ﬂ — cos(au))
_1( sin®(au)
/cos o (sm(au) - 3 )
/ sin?(au) cos®(au) du = =4 - (4au)
8 32a

1
/tan2 (au) du = . tan(au) — u
R 1
cot”(au) du = . cot(au) —u
1 1
/sec (au) du = % sec(au) tan(au) + % In | sec(au) + tan(au) |
[ esctaw du = - esc(au) cotfau) + 5. In| eseau) ~ cotau)|
csc? = — 5 esc(au) cot(aw) + o In| esc(au) — cot(au
. 1.
/u sin(au) du = o] (sin(au) — au cos(au))
1 .
/u cos(au) du = o) (cos(au) + ausin(au))

/u2 sin(au) du = % (2ausin(au) — (a*u® — 2) cos(au))



165.

166.

167.

168.

169.

I70.

I71.

I72.

I73.

I74.

I75.

I76.

I77.

/u2 cos(au) du = a_13 (2au cos(au) + (a*u® — 2) sin(au))

sin(a — b)u  sin(a + b)u 9 , 19

/sm sin(bu) du = 2a—1b) 2ath) a® #b
sin(a —b)u  sin(a + db)u 9 , 19

/cos ) cos(bu) du = 2a—1b) + atb) a®#b
_cos(a—b)u cos(a+Dbu 9 9

/sm cos(bu) du = 2a—b) 2ath) a®#b

1 n—1 .
n n
Integrals involving hyperbolic functions

1
/ sinh(au) du = p cosh(au)
/sinh2(au) du = 1 sinh(2au) — g
 da 2

/cosh(au) du = 2sinh(au)

/cosh2(au) du = g + % sinh(2au)
cosh ((a+b)u) cosh((a—b)u)
2atb) T 20a—b)

/sinh(au) cosh(bu) du =
. 1
/ sinh(au) cosh(au) du = — cosh(2au)

4a

/tanh udu = In(cosh u)

/ sechu du = arctan(sinhu) = 2 arctan (e*)

9



Integrals involving exponential functions

o eau
I78. /ue du = ﬁ(au -1)
179. /uQea“ du = 6—3 (a2u2 —2au+2)
a
n,au 1 n,au n n—1_au
180. u"edu = —-u"e™ — — [ u" e du
a a

181. /e““ sin(bu) du = azei_*_bz (asin(bu) — bcos(bu))

. _ et .
182. /e cos(bu) du = pra— (a cos(bu) + bsin(bu))

Integrals involving inverse trigonometric functions

183. /arcsin (s) du = warcsin (s) +va? — u?
184. /arccos (g) du = u arccos (%) —Va?—u?

185. /arctan (g) du = warctan (g) — gln (a2 + u2)

Integrals involving inverse hyperbolic functions

186. /arcsinh (E) du = uarcsinh (E) —Vu?+a?
a a
/arccosh (g) du = u arccosh (%) —Vu? —a? arccosh (g) > 0;

u u
= yarccosh (—) +Vu? —a? arccosh (—) < 0.
a a

187.

188. /arctanh (%) du = warctanh <%) + gln (a® —u?)

10



189.

190.

I91.

192.

Integrals involving logarithm functions

/lnudu =u(lnu — 1)

/u"lnudu:u”“[ Inu L ], n# -1

n+1l (n+1)2

Wallis’ Formulas

/2 w/2
/ sin™ zdx = / cos™ zdx
0 0

(m—=1)(m —3)...(20r1)
 m(m-—2)...30r2)

where k = 1if m is odd and k = /2 if m is even.

w/2
/ sin™ z cos" xdx =
0

(m—1)(m—3)...(2or1)(n—1)(n—3)...(20r1)k

where k = 7/2 if both m and n are even and k = 1 otherwise.

(m+n)(m+n—-2)...(2orl)

Gamma Function

I'(n+1) =nl,

T(s) = Va

if n is a non-negative integer

11
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Fourier Series

a nwET
:? Zl(ancos + by, smT)
where
1 [T
ag = z f(x) d.TL‘,
L
1 L
an = - » f(x) cos — dx,
1 E
b, = — f(z)sin — dx
L] g
Z Cnenz'mv/L
n=-—00
where

1t ina /L
¢n =57 KL f(x)e dz.

Bessel Functions

v = arbitrary real number; n = integer

1. Definition.
z2y" + xy' +

Yy =y (Az) = 1 J, (Az) + o, (Az), (v #mn),

(A22? — %)y = 0 has solutions

where ,
1 tl/+ m
W0 =3 g
vt2mmpIT(v+m+ 1)

m=0

2. General Properties.

Jon(t) = (=1)"n(t); Jo(0)=1; Ja(0)=0, (n=1).



3. Identities.
d v Y
(a) a[t Ju ()] =tV J,-1(2).
d

ajo(t) = —=Ji(1).

(0) S0 =~ Ty (1)

d

I (®) = 12 (Jor(8) = T (1))

= Joa(t) = T,(0)

v

- ?Jy(t) - J,,+1 (t) .
(d) Recurrence Relation.
2v
JV—H(t) = TJV(t) - JV—I(t)
4. Orthogonality.
Solutions y, (Aox), Yy (A1), - ., yu(Anz),... of the differential system

22y +xy + (N22® — )y =0, 7y <z <39

aryy (AxK) — bg (%yy()\x))

T=T}

have the orthogonality property:

/w2 Yy An2)yy Amzx) dz = 0, (m #n)

Z1

and
/ zy2(Apz) do =
.’132
1 (A2.2> —v?) yo(Amz) + 2° iy (Amz) : (m =n)
202, m varm de”" ™ ’ '

5. Integrals.
(a) / 7,1 (8) dt = £ T, () + C

13



(b) / Y Ty (£ dt = —t=" T, (t) + C

(©) / tJo(8) dt = tJy(t) + C

(d) / BIo(t) dt = (3 — 4t)J1(t) + 2t2To(t) + C
(e) / t2J1(t) dt = 2tJ,(t) — 2 Jo(t) + C

(f) / t4 Ty () dt = (48 — 161)J, (t) — (t* — 8t>) Jo(t) + C

Zeros and Associated Values of Bessel Functions

a Jo,a Jo(Jo,a) Jla J1(J1,0)
1 2.40483 -0.519147 3.83170 -0.402760
2 5.52008 0.340265 7.01559 0.300116
3 8.65373 -0.271452 10.1735 -0.249705
4 11.7915 0.232460 13.3237 0.218359
5 14.9309 -0.206546 16.4706 -0.196465
6 18.0711 0.187729 19.6159 0.180063
7 21.2116 -0.173266 22.7601 -0.167185
8 24.3525 0.161702 25.9037 0.156725
9 27.4935 -0.152181 29.0468 -0.148011

10 30.6346 0.144166 32.1897 0.140606

11 33.7758 -0.137297 35.3323 -0.134211

12 36.9171 0.131325 38.4748 0.128617

13 40.0584 -0.126069 41.6171 -0.123668

14 43.1998 0.121399 44.7593 0.119250

15 46.3412 -0.117211 47.9015 -0.115274

16 49.4826 0.113429 51.0435 0.111670

17 52.6241 -0.109991 54.1856 -0.108385

18 55.7655 0.106848 57.3275 0.105374

19 58.9070 -0.103960 60.4695 -0.102601

20 62.0485 0.101293 63.6114 0.100035

Legendre Polynomials

(1 — 2?)y" — 2zy' + n(n + 1)y = 0 has bounded solutions

Pn(m)a

14

n=20,1,2,...,




on —1 <z <1 where

3 i —1)k 2n —20)!
= 2nk El(n — k) (n — 2k)!

where 1
N:g, n even or N=" , nodd
2.
PO(.CE) =1
Pi(z) ==z
Py(z) = 1o(32° = 1)
Py(z) = 1a(52° - 3a)
1
Py(z) = g(35;c4 —302” + 3)
1
Ps(z) = g(63;c5 — 702® + 15x)
3. P,(1)=1
4. P,(—z) = (-1)"P,(=).
5. P L d" 1 Rodri > F 1
. n(x) = ol g — (@ =-1)" odrigues’ Formula
2n+1 n
6. Pn+1( )— n+1 Pn(l')—n—HPn_l(l'), ’I’LZ].

7. nPy(z) =zP(z) — P,_(z), n > 1.

8. / P,(t)dt =

9. /_1 P, (z)Py,(z)dx =0, m # n.

v 2
[1Pn(m)dm= il

( n—1(2) = Poy1(z)), n>1

15



Table of Laplace Transforms

f&)=LTHF(9)} (#)

F(s) = L{f(®)} (s)

L1. f) F(s) = /000 e St f(t) dt
L2. 1, H(t), U(t) %
L3. Ut — a) e;as
4. " (n=1,2,3,...) S;%
L5. t° (a>-1) F(;Ll)
L6. e !
s—a
L7. sin(wt) 52257&)2
L8. cos(wt) Shr%
L9. F(t) sF(s) = £(0)
L10. () s*F(s) — sf(0) = f'(0)
L11. t"ft) (n=1,2,3,..) (=1)"F™) (s)
L12. e f(t) F(s—a)
L13. L {F(s +a)} F(s)
L14. ft+P) = f(t) Iy e Ot

1—esP
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Table of Laplace Transforms

f&)=LTHF(9)} (#)

F(s) = L{f(®)} (s)

L15. fOUE —a) e~ L{f(t+a)}
L16. f@—a)U(t—a) e YF(s)
¢
L17. / f(z)dz F(s)
0 )
¢
L1s. / F(2)glt — 2)dz F(s)G(s)
0
L19. @ / F(z)dz
1 1
L20. — (e -1
a (e ) s(s—a)
!
121, trett n=1,2,3,... SO S
€, n ’ 7Sa (S_a)n—i-l
L9 ea,t _ ebt 1
' a—"b (s —a)(s—b)
123 ae® — be’t s
' a—"b (s —a)(s—b)
L24. sinh (wt) 5 d 3
2 —w
s
L25 COSh(UJt) )
2 —w
3
L.26. sin(wt) — wt cos(wt) (823_#2)2
w
. 2ws
L27. tsm(wt) m
2
L.28. sin(wt) + wt cos(wt) (822:_}782)2
w

17




Table of Laplace Transforms

f&)=LTHF(9)} (#)

F(s) = L{f(®)} (s)

bsin(at) — asin(bt)

1

L29.
? ab(t? — a?) @ 1) + )
cos(at) — cos(bt) s
L30. —_—
30 P _a? @1 a5 + 5
. o 2
L31. asm(at2) b2s1n(bt) i 25 —
a?—b (82 + a?)(s? + b?)
L32. bt g —
3 e~ " sin(wt) GIbl T
+b
1.33. —bt _5T0
33 e " cos(wt) GO+
w2
L34. 1 — cos(wt) m
L i W
35. wt — sm(wt) m
L36. o(t—a) e °° a>0, s>0
L37. d(t—a)f(t) f(a)e™?% a>0, s>0
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